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CHAPTER 1 

Dynamical Analysis and Sliding Mode Controller for the 

New 4D Chaotic Supply Chain Model based on the Prod-

uct Received by Customer 

1.1 Introduction 

Initially, supply chain management focused on linear and deterministic mod-

els to optimize operations [1,2]. However, as businesses encountered increasing 

complexity and unpredictability, researchers began to recognize the limitations of 

these traditional approaches. Chaos theory provided a framework for understand-

ing the nonlinear dynamics and emergent behaviors inherent in supply chain sys-

tems [3,4]. Studies identified chaotic behavior in various aspects of supply chain 

operations, including demand forecasting [5], inventory management [6], produc-
tion scheduling [7], and distribution logistics [8]. These findings highlighted the 

need for new methodologies capable of managing and controlling the inherent 

chaos within supply chains [9,10]. 

In addressing the intricacies of supply chains, certain academics have utilized 

nonlinear dynamics theory to investigate pertinent issues. [11] introduced a pric-

ing game model for a closed-loop supply chain system, involving a manufacturer 

and a retailer with distinct rationalities. [12] analyzed a three-dimensional mathe-

matical model of supply chains, with the goal of stabilizing chaotic behavior. This 

involved introducing a linear control parameter to manage production levels and 

mitigate the risk of potential collapse, which could lead to dangerous instability. 
[13] explored the emergence of chaos within multi-level supply chains and pro-

vided insights into managing relevant factors to mitigate or eliminate system 

chaos. [14] investigated the dynamic behavior of a three-tier supply chain and de-

vised an adaptive algorithm to counteract irregular dynamics stemming from un-

certainties. [15] proposed a novel supply chain model considering non-monotonic 

demand variations with inventory levels and discussed synchronization phenom-

ena in coupled supply chain models under both unidirectional and bidirectional 

coupling. [16] addressed the synchronization issue in supply chain systems using 

an active and adaptive integral sliding mode control method. Despite the existing 

literature, there remains limited discourse on dynamical analysis in 4D supply 
chain management. Thus, further research is warranted to explore studies con-

cerning supply chains in 4D systems. 

Chaos control associated with complex phenomena has been identified in ac-

tual supply chain systems. Numerous researchers have explored control and syn-

chronization methods to characterize these systems in the literature such as robust 

control [9], delayed feedback control [17], adaptive sliding mode control [18], 

ANN [19], ANFIS [20], Robust H∞ control [21], tracking control [22], stochastic 

fixed-time tracking control [23], fuzzy neural network control [24] and nonlinear 

control [25]. 
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Studying the SMC for the new 4D CSCM based on the product received by the 
customer is important because it enhances the stability and control of complex, 

nonlinear supply chain behaviors, ensuring smooth and predictable operations 

[26]. The SMC effectively mitigates risks such as transportation delays, quality 

fluctuations, and information distortion by dynamically adjusting system param-

eters, reducing disruptions [27]. This leads to improved supply chain performance, 

including better inventory management, reduced lead times, and optimized re-

source utilization, resulting in increased efficiency and cost savings. The control-

ler's adaptability to real-time changes ensures the supply chain remains resilient 

in the face of unexpected fluctuations. Additionally, the SMC manages coexisting 

attractors, steering the system towards desirable states and avoiding undesirable 
outcomes. Practical applications of the SMC translate into better forecasting, in-

ventory control, and risk management, maintaining competitive advantage [28]. 

This study bridges the gap between advanced control theory and practical supply 

chain dynamics, providing valuable insights and opening new avenues for re-

search and application. The validation of the SMC through simulations demon-

strates its potential in handling complex supply chain issues and provides confi-

dence in its practical deployment. 

 In the dynamic landscape of supply chain management, the emergence of 

chaos theory has shed light on the complex and unpredictable behavior inherent 

in supply chain systems. With the recognition of chaotic dynamics within supply 
chains, there arises a need to explore novel control strategies capable of navigating 

this intricate environment effectively. This project focuses on addressing this chal-

lenge through the development of a sliding mode controller for a new 4D CSCM, 

specifically centered on the product received by the customer. 

The integration of chaos theory into supply chain dynamics underscores the 

existence of coexisting attractors. Understanding and controlling these attractors 

are crucial for ensuring stability and optimizing performance in supply chain op-

erations. By leveraging the insights from chaos theory and employing advanced 

control techniques such as sliding mode control, this project aims to design a con-

trol framework capable of managing the complex dynamics of the supply chain 
model. 

The main contribution and novelty of this paper include investigating the dy-

namics of the new 4D CSCM based on the product received by the customer, iden-

tifying and characterizing coexisting attractors within the supply chain system, 

developing a sliding mode control strategy to regulate the system dynamics and 

stabilize the supply chain operation, and evaluating the performance and efficacy 

of the proposed sliding mode controller through simulation and validation stud-

ies. 

This work is systematized as follows. The next section presents the introduc-

tion and objectives of the study. In Section 2, we derive the new 4D CSCM based 
on the product received by the customer. Section 3 investigates the dynamical be-

havior of the proposed system, examining the influence of different parameters 

through techniques such as Lyapunov exponents spectrum, bifurcation diagrams, 

and phase plots. Furthermore, in Section 4, we propose a sliding mode control 

strategy for the new 4D CSCM, deriving the equivalent control law and validating 



3 

 

 

its effectiveness through simulation studies. The study is summarized and con-
cluding remarks are presented in the final section. 

1.2 New 4-D Chaotic Supply Chain Model (4D CSCM) 

Supply chains are complex systems involving multiple interconnected compo-

nents such as suppliers, manufacturers, distributors, retailers, and customers [29]. 

These components interact dynamically, with various factors influencing the over-

all performance and stability of the supply chain [30]. Traditional models have of-

ten been inadequate in capturing the inherent nonlinearities and chaotic behavior 

present in real-world supply chains. To address this, recent studies have focused 

on developing models that can better represent these complexities. One such 

model is the four-dimensional (4D) chaotic supply chain model, which extends the 
conventional three-dimensional models by incorporating an additional dimen-

sion. 

Cuong et al. [31] described a four-tier integrated chaotic supply chain model, 

which can be represented by a system of differential equations. This model con-

siders the interactions between product demand at a retailer, the quantity of prod-

uct supplied by the distributor, the product produced by the manufacturer, and 

the product received by the customer. By incorporating various risk factors such 

as transportation risk, quality risk, distortion, contingency reserves, and safety 

stock, the model aims to provide a more realistic representation of supply chain 

dynamics. The four-tier integrated chaotic supply chain model by the following 4-
D system of differential equations: 

{

𝑥̇ = 𝑎𝑦 − (𝑚 + 1)𝑥 + 𝑑𝑤
𝑦̇ = 𝑐𝑥 − 𝑥𝑧 − 𝑦
𝑧̇ = 𝑥𝑦 − 𝑏𝑧
𝑤̇ = −𝑥 − (𝑚 + 1)𝑤

 

 

 

 

              

(1) 

where 𝑥 is product demand at a retailer, 𝑦 is quantity of product that the 

distributor can supply, 𝑧 is the product produced at a manufacturer and 𝑤 is the 

product received by the customer. Moreover, in the chaotic supply chain model 

(1), we include various coefficients such that of transport risk 𝑎, quality risk 𝑏, 

distortion 𝑐, contingency reserve 𝑑 and safety stock 𝑚 between customer and re-

tailer 

When 𝑎 = 𝑚 + 1, the chaotic supply chain system (1) reduces to the 4-D Lo-

renz-Stenflo system given by the dynamics 

{

𝑥̇ = 𝑎(𝑦 − 𝑥) + 𝑑𝑤
𝑦̇ = 𝑐𝑥 − 𝑥𝑧 − 𝑦
𝑧̇ = 𝑥𝑦 − 𝑏𝑧
𝑤̇ = −𝑥 − 𝑎𝑤

 

 

 

(2) 

When 𝑎 = 2, 𝑏 = 1.05, 𝑐 = 26 and 𝑑 = 1.5, witnessed a chaotic attractor ex-

hibited by the 4-D CSCM (2) for the initial values 𝑥(0) =  𝑦(0) =  𝑧(0) = 𝑤(0) =
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0.04. In fact, for 𝑇 = 1𝐸4 seconds, the Lyapunov exponents for the Cuong system 

(2) were found to be: 

1 0.4228,L = 2 0,L =  

3 2.9262,L = −       

4 3.5468L = −  

(3) 

This paper proposes a new chaotic supply chain system by adding a quadratic 

nonlinear term 𝑝𝑥2 in the third differential equation of the Cuong chaotic system 

(2). Thus, our new 4-D chaotic supply chain system can be modelled according to 

a system of differential equations: 

2

( )x a y x dw

y cx xz y

z xy bz px

w x aw

= − +


= − −


= − +
 = − −

 

 

 

(4) 

We take new values for the system parameters as 𝑎 = 5.5, 𝑏 = 1.8, 𝑐 = 27, 𝑑 =

1.6 and 𝑝 = 0.5. We take the initial values of the system (4) as 𝑥(0) = 0.04, 𝑦(0) =

0.04, 𝑧(0) = 0.04 and 𝑤(0) = 0.04. For 𝑇 = 1𝐸4 seconds, we calculated the Lya-

punov exponents for the new 4-D system (4) and obtained the following: 

1 0.8006,L =  2 0,L =  3 5.8404,L = − 4 8.7601.L = −  
(4) 

We notice the positive Lyapunov exponent of the new chaotic supply chain 

system (4) is significantly greater than that of Cuong chaotic system (2). This im-

plies that the new 4D CSCM (4) exhibits more complexity than the Cuong chaotic 

system (2). The phase portrait of the new 4D CSCM (4) can be seen in Figure 1. 

 

  

(a) (b) 
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(c) (d) 

Figure 1. MATLAB simulation for the system (4): (a) x-y plane, (b) 

y-z plane, (c) z-w plane and x-w plane. 

1.3 Dynamical Analysis 

In this section, we explore a detailed examination of how the proposed system 

behaves, looking closely at how its parameters and initial conditions interact. Us-

ing various crucial techniques like Lyapunov exponents spectrum, bifurcation di-

agrams, and phase plots, we uncover how the system behaves, pinpointing areas 

of chaos, multistability, and other interesting phenomena. As explained further, 

our analysis reveals that the system is capable of producing chaotic behavior, with 

a maximum Lyapunov exponent of 1.48. Additionally, we discover the occurrence 

of multistability, providing a clear picture of its effects. 

13.1. Influence of parameter ‘’a’’ on system's behavior 

This subsection investigates the influence of parameter 'a' in shaping the be-

havior of the proposed system. By systematically varying parameter 'a' within the 

range of [5, 20], we explore its impact on the system's dynamics. Through the bi-

furcation diagram and Lyapunov exponents spectrum shown in Figures 2(a) and 

2(b) respectively, we demonstrate that System (4) can exhibit chaotic and periodic 

behaviors for specific intervals of parameter 'a'. 

When 5 < a < 15.3, System (4) exhibits chaotic behavior, as demonstrated by 

Figure 2(a). Additionally, Figure 2(b) clearly illustrates that the Maximum Lya-

punov Exponent (MLE) is positive within this range. Furthermore, we observe 

windows of periodic behaviors nestled between chaotic regions at specific values 

of 'a,' namely ([9.5, 9.6], [10.1, 10.15], [11.31, 11.34], [13.6, 13.9]). For enhanced clar-

ity, we provide a visualization of the chaotic attractor in Figure 2(c) for the case 

when a = 6. The resulting Lyapunov Exponents according to this setting are: LE1 = 

0.812, LE2 = 0, LE3 = -6.338, and LE4 = -9.275. 
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(a) (b) 

  

                 (c)     (d) 

Figure 2. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) Lyapunov 

exponents, (c) x-y chaotic attractor for a=6, (d) x-y periodic attractor for a=18. 

 

When 15.3 < a < 20, System (4) demonstrates periodic behavior, as illustrated 

in Figure 2(a). Furthermore, Figure 2(b) highlights that the Maximum Lyapunov 

Exponent (MLE) is zero within this interval. Additionally, for further insight, we 

present a visualization of the periodic attractor in Figure 2(d) corresponding to the 

case when a = 18. The resulting Lyapunov Exponents according to this setting are: 

LE1 = 0, LE2 = -0.293, LE3 = -17.386, and LE4 = -21.123. 

Transportation risk is a significant factor in supply chain management, influ-

encing the stability and performance of the entire system [32]. By varying the 

transportation risk parameter in our 4D CSCM. Chaotic behavior in the supply 

chain due to transportation risk can be identified by irregular and unpredictable 

fluctuations in inventory levels, order quantities, and delivery schedules. This er-

ratic behavior is often caused by factors such as delays, disruptions, and variability 

in transportation times. Periodic behavior, on the other hand, is characterized by 

regular, repeating patterns in the supply chain dynamics. This occurs when the 

transportation risk is more predictable and stable, leading to consistent and cycli-

cal patterns in inventory and order levels. 
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1.3.2. Influence of parameter ‘’b’’ on system's behavior 

In this subsection, we explore the influence of parameter 'b' on the behavior of 

the system (4) by systematically varying it within the range of [0, 2]. This observa-

tion was based on the dynamics of bifurcation diagram and Lyapunov exponents 

spectrum. 

For 0 < b < 0.51, System (4) demonstrates periodic behavior, as depicted in 

Figure 3(a). Notably, Figure 3(b) reveals that the Maximum Lyapunov Exponent 

(MLE) is zero within this range. Furthermore, we observe intervals of chaotic be-

havior amidst periodic regions at specific values of 'b,' namely ([0.03, 0.07], [0.1, 

0.13], [0.18, 0.20], [0.22, 0.25]). Figure 3(c) illustrates the periodic attractor for the 

case when b = 0.3. The resulting Lyapunov Exponents according to this setting are: 

LE1 = 0, LE2 = -0.349, LE3 = -4.756, and LE4 = -7.201. 

 

  

(a) (b) 

  

(c)           (d) 

Figure 3. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) Lyapunov 

exponents, (c) x-z periodic attractor for b=0.3, (d) x-z chaotic attractor for b=2. 

For 0.51 < b < 2, System (4) exhibits chaotic behavior, except for the intervals 

when b = [0.71, 0.76], b = 0.82, and b = 0.96, where it demonstrates periodic behav-

ior, as found in Figure 3(a). Additionally, Figure 3(b) gives an indication of positive 

MLE within this range. To provide further insight, we present a visualization of 

the chaotic attractor in Figure 3(d) corresponding to the case when b = 2. The re-

sulting Lyapunov Exponents according to this setting are: LE1 = 0.789, LE2 = 0, LE3 

= -5.814, and LE4 = -8.975. 
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Chaotic behavior due to quality risk is characterized by unpredictable fluctu-

ations in product quality, leading to erratic order quantities, inventory levels, and 

customer satisfaction [33]. Factors contributing to chaotic behavior include incon-

sistent production processes, supplier quality issues, and variable inspection 

standards. In the chaotic regime, phase portraits of supply chain variables (e.g., 

product quality vs. inventory level) show intricate, non-repeating patterns, indi-

cating high sensitivity to initial conditions. Small changes in quality risk can lead 

to significantly different outcomes, highlighting the unpredictable nature of the 

system. Periodic behavior, in contrast, is characterized by regular, repeating pat-

terns in the supply chain dynamics due to stable and predictable product quality. 

This occurs when quality risk is minimized through consistent production pro-

cesses and reliable suppliers. In the periodic regime, phase portraits show closed, 

repeating loops, indicating stable and predictable behavior. Periodic behavior al-

lows for consistent product quality, enhancing customer satisfaction and reducing 

the need for returns or rework. 

1.3.3. Influence of parameter ‘’c’’ on system's behavior 

This subsection examines the effect of systematically varying parameter 'c' on 

the system's behavior within the range of [20, 200]. This observation was drawn 

from the dynamics of the bifurcation diagram and Lyapunov exponents spectrum. 

For the interval of c ([20, 82], [90, 145.5]), System (4) displays chaotic behavior, 

with exceptions noted when c = [57, 57.5], c = 49.5, c = 197, c = 138.5, and c = 141.5, 

where it exhibits periodic behavior, as shown in Figure 4(a). Moreover, Figure 4(b) 

indicates a positive Maximum Lyapunov Exponent (MLE) within this range. To 

offer deeper insight, we provide a visualization of the chaotic attractor in Figure 

4(c) corresponding to the case when c = 110. The resulting Lyapunov Exponents 

according to this setting are: LE1 = 1.482, LE2 = 0, LE3 = -5.572, and LE4 = -9.710. 

  

(a) (b) 
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(c) (d) 

Figure 4. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) Lyapunov 

exponents,  

(c) x-w chaotic attractor for c=110, (d) x-w periodic attractor for c=89. 

 

For the range of c ([92, 90], [145.5, 200]), System (4) demonstrates periodic be-

havior, as illustrated in Figure 4(a). Notably, Figure 4(b) reveals that the MLE is 

zero within this interval. Figure 4(d) illustrates the periodic attractor for the case 

when c = 89. The resulting Lyapunov Exponents according to this setting are: LE1 

= 0, LE2 = -2.591, LE3 = -2.849, and LE4 = -8.373. 

Distortion in supply chain management refers to discrepancies and inaccura-

cies in information flow, demand forecasts, and order quantities, often leading to 

the well-known "bullwhip effect" [34]-[35]. In the chaotic regime, phase portraits 

of supply chain variables (e.g., order quantity vs. inventory level) show complex, 

non-repeating patterns, indicating high sensitivity to initial conditions. Small 

changes in distortion can lead to significantly different outcomes, highlighting the 

unpredictable nature of the system. Periodic behavior, in contrast, is characterized 

by regular, repeating patterns in the supply chain dynamics due to accurate and 

timely information flow. This occurs when distortion is minimized through syn-

chronized communication and reliable data analytics. 

1.3.4. Influence of parameter ‘’d’’ on system's behavior 

In this subsection, we explore the impact of parameter 'd' on the system's be-

havior by systematically varying it within the range of [-35, 5]. This observation 

was drawn from the dynamics of the bifurcation diagram and Lyapunov expo-

nents spectrum. 

For the interval of d ([-35, -25.5], [-22.8, -20.2]), System (4) predominantly ex-

hibits periodic behavior, except for the subrange of d [-20.7, -20.45], where chaos 

emerges, as found in Figure 5(a). Notably, Figure 5(b) suggests a zero Maximum 

Lyapunov Exponent (MLE) within this interval. Figure 5(c) illustrates the periodic 

attractor for the case when d = -27. The resulting Lyapunov Exponents according 

to this setting are: LE1 = 0, LE2 = -0.468, LE3 = -0.499, and LE4 = -12.841. 
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(a) (b) 

  

(c) (d) 

Figure 5. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) Lyapunov 

exponents, (c) y-z periodic attractor for d=-27, (d) y-z chaotic attractor for d=1. 

Within the range of d ([-25.5, -22.8], [-20.2, 5]), System (5) predominantly dis-

plays chaotic behavior. However, exceptions occur at specific values such as d = 

[(-24.3, -24.15), (-23.35, -23.25), (-13.25, -13), (-11.75, -11.55)], d = -18.5, and d = -18, 

where periodic behavior is observed, as depicted in Figure 5(a). Additionally, Fig-

ure 5(b) highlights a positive Maximum Lyapunov Exponent (MLE) within this 

range. To provide further insight, we present a visualization of the chaotic attrac-

tor in Figure 5(d) corresponding to the case when d = 1. The resulting Lyapunov 

Exponents according to this setting are: LE1 = 0.772, LE2 = 0, LE3 = -5.669, and LE4 

= -8.903. 

Contingency reserves in supply chain management refer to the additional in-

ventory or resources kept to buffer against uncertainties and disruptions [36]. Cha-

otic behavior due to poorly managed contingency reserves is characterized by er-

ratic and unpredictable fluctuations in inventory levels, leading to inefficiencies 

and instability in the supply chain. In the chaotic regime, phase portraits of supply 

chain variables (e.g., inventory level vs. order quantity) show intricate, non-repeat-

ing patterns, indicating high sensitivity to initial conditions. Periodic behavior, in 

contrast, is characterized by regular, repeating patterns in the supply chain dy-

namics due to well-managed contingency reserves. This occurs when contingency 

reserves are appropriately sized and consistently utilized to buffer against de-

mand variability and disruptions. 
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1.3.5. Influence of parameter ‘’p’’ on system's behavior 

In this subsection, we explore the impact of parameter 'p' on the system's be-

havior by systematically varying it within the range of [0.5, 10]. This observation 

was drawn from the dynamics of the bifurcation diagram and Lyapunov expo-

nents spectrum. 

When choosing p between ([0.5, 9.3]), we observe a clear sign of chaotic behav-

ior in System (4), as found in Figure 6(a). Furthermore, Figure 6(b) indicates a pos-

itive Maximum Lyapunov Exponent (MLE) within this range. To provide a deeper 

understanding, we present a visualization of the chaotic attractor in Figure 6(c) 

corresponding to the scenario when p = 3. The resulting Lyapunov Exponents ac-

cording to this setting are: LE1 = 1.022, LE2 = 0, LE3 = -5.601, and LE4 = -9.222. 

 

  

(a) (b) 

  

(c) (d) 

Figure 6. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) Lyapunov 

exponents,  

(c) y-w chaotic attractor for p=3, (d) y-w periodic attractor for p=9.8 

 

For the range of p [9.3, 10], System (4) demonstrates periodic behavior, except 

for instances when p is in the intervals [9.94, 10], p = 9.35, and p = 9.5, as illustrated 

in Figure 6(a). Notably, Figure 6(b) reveals that the MLE is zero within this inter-

val. Figure 6(d) illustrates the periodic attractor for the scenario when p = 9.8. The 
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resulting Lyapunov Exponents according to this setting are: LE1 = 0, LE2 = -0.777, 

LE3 = -3.791, and LE4 = -9.238. 

Chaotic behavior due to improperly managed safety stock is characterized by 

irregular and unpredictable fluctuations in inventory levels, leading to instability 

in the supply chain [37]. Factors contributing to chaotic behavior include inappro-

priate sizing of safety stock and inconsistent replenishment policies. Chaotic be-

havior due to safety stock can lead to frequent overstocking or stockouts, increas-

ing holding costs and reducing service levels. Also, periodic behavior allows for 

consistent service levels and efficient inventory management, reducing the likeli-

hood of stockouts and excess inventory.  

 

  

(a) (b) 

  

(c) (d) 

  

(g) (f) 
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Figure 7. Chaotic exhibition of system (4): (a) bifurcation diagram, (b) two coex-

isting chaotic attractors for c=135, (c) two coexisting chaotic attractors for c=140, 

(d) two coexisting chaotic attractors for c=145, (e) two coexisting periodic attrac-

tors for c=147, (f) two coexisting periodic attractors for c=190. 

1.3.6. Influence of initial conditions on system's behavior 

In this section, we explore how the choice of initial conditions potentially af-

fects the behavior of the system we have proposed. We discuss its multistability 

and the coexistence of different chaotic attractors by considering a fixed parameter 

values yet with different initial points [38-41]. To demonstrate this interesting phe-

nomenon, we choose two distinct initial points: [0.04 0.04 0.04 0.04], shown in blue, 

and [-0.04 0.04 0.04 0.04], shown in red. Next, we create a bifurcation diagram for 

System (4) with c values ranging from 130 to 200. The resulting diagram, displayed 

in Figure 7(a), clearly shows the presence of multistability in the system. 

In Figures 7(b), 7(c), and 7(d), you can see three pairs of coexisting chaotic 

attractors generated by system (4) for c=135, c=140, and c=145, respectively. Figures 

7(e) and 7(f) depicts two pairs of coexisting periodic attractors for c=147 and c=190, 

respectively. The existence of coexisting distinct attractors under identical param-

eter settings underscores the complex dynamical nature of the proposed system, 

offering valuable insights into its behavior and potential applications. 

1.4 Sliding Mode Controller 

Traditionally, two main steps are considered in the design of sliding model 

control. The first step is the selection of the sliding surface and the second step is 

the control law to stay on the sliding surface [42,43]. In practice and computer im-

plementations, other steps must be considered. Therefore, in this article, all the 

steps of designing the sliding model controller will be described. Initially, with 

initial conditions the system will have an output. This output will be compared 

with the desired values and the error will be obtained. The error block has two 

outputs, the first is the error and the second is its derivative. 

In the next block, the sliding method calculates the sliding surface and its de-

rivative using the error and the derivative of the error (of course, the sliding sur-

face is selected by the designer, but finally the slip surface and the derivative of 

the sliding surface must be calculated). The equivalent control law is obtained 

from the two parameters of the sliding surface and the derivative of the sliding 

surface. This control law is called equivalent controller. In the design of the sliding 

mode controller, the exponential reaching law is added to the equivalent control-

ler. Finally, the sliding model controller will be activated. This cycle continues un-

til the output of the system tends to the desired values. The block diagram in Fig-

ure 8 depicts this cycle. 
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Figure 8. Block diagram of the design steps of the sliding model controller 

In this paper, the main goal is to eliminate the chaotic behavior in the 4D cha-

otic supply chain . 

So, equations (6) are rewritten as follows: 

2

( )
x

y

z

w

SMC

SMC

SMC

SMC

x a y x dw u

y cx xz y u

z xy bz px u

w x aw u

= − + +


= − − +


= − + +


= − − +

 

 

 

(6) 

that 
, , ,

x y z wSMC SMC SMC SMCu u u u
 are the proposed sliding model controllers and 

should be designed. 

Step 1: The first step is to calculate the error. The error function is defined as 

follows: 

*

*

*

*

x

y

z

w

e x x

e y y

e z z

e w w

 = −


= −


= −


= −

 

 

 

(7) 

where 
* * * *, , ,x y z w  are the desired values (set point) to reach our control goal. 

Step 2: Calculation of the error derivative, according to equation (7), so: 

*

*

*

*

x

y

z

w

e x x

e y y

e z z

e w w

 = −


= −


= −


= −

 

 

 

(8) 

Step 3: The selection of the sliding surface is very important in the design prob-

lem of the sliding model controller. Therefore, the sliding surface in this design is 

considered as follows: 
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(9) 

where 
, , ,x y z w   

 are constant values. 

Step 4: To determine the derivative of the sliding surface, the derivative is 

taken from equation (9): 

( ) ( )

( ) ( )
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(10) 

To reach the equivalent control law, the condition s=0 must be satisfied. There-

fore: 

( ) ( ) 0
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( ) ( ) 0
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(11) 

Step 5: Determine the equivalent controller. By replaced equation (8) in equa-

tion (11) and simplifying, the equivalent controller is obtained: 
*

*

2 *

*

( ) ( )

( )

( )

( )

eq

eq

eq

eq

x x x

y y y

z z z

w w w

u a y x dw x e t
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





 = − − − − −

 = − + + − −


= − + − − −


= + − −

 

 

 

(12) 

where u are equivalent controllers. To achieve the final model sliding control, 

the exponential control law should also be added to the equivalent controller. So: 

x Eq ERL

y Eq ERL

Eq ERL

Eq ERL

SMC x x

SMC y y

SMCz z z

SMCw w w

u u u

u u u

u u u

u u u

= +


= +


= +
 = +


 

 

 

(13) 

Step 6: Obtaining the exponential control law, which is the exponential control 

law in equation (13) and is obtained from the following relationship. 
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(14) 

In the last equation, ,k   are the gains of the exponential control law. Of 

course, it is obvious that: 

0
lim( ) sign(s)

s

s
 

→
=

+
 

 

 

(15) 

Verification of the sliding model controller design is done with the help of 

Theorem 1 . 

Theorem 1: The behavior of the chaotic equations of the supply chain (6) under 

the controller of the following proposed sliding model tends to the desired values 

when the values initial condition 𝑥(0), 𝑦(0), 𝑧(0), 𝑤(0) ∈ ℝ. 
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2 *

*
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y y

z
SMCz z z z z z

z z

w
SMCw w w w w w
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      (16) 

Proof 1: Consider the candidate Lyapunov function as follows: 

 

2 2 2 21
( ) ( )

2
x y z wV s s s s s= + + +  

(17) 

If the equation (17) is derived, then: 

( ) x x y y z z w wV s s s s s s s s s= + + +  
 

(18) 

By inserting and simplifying equation (18): 
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(19

) 

Equation (19) will always be negative ( ( ) 0V s  ) if and only if , , , , , ,, 0x y z w x y z wk 

. 

In the numerical simulation, MATLAB software is used to calculate the supply 

chain responses of equation (6). The initial condition values are equal to 

   (0) y(0) z(0) (0) 0.04 0.04 0.04 0.04
T

x w =
. The sliding mode controller 

parameters are equal to , , , , , ,0.01, 0.1x y z w x y z wk = = −
and    , , , 2x y z w = −

  are also se-

lected. The desired values in this part of the simulation are zero (

* * * * 0x y z w= = = = ). Figure 9 shows the new 4D chaotic supply chain under the 

proposed sliding model controller. The control strategy is activated from time t=4. 

 
Figure 9. Elimination of chaotic behavior in 4D supply chain with the pro-

posed sliding model control method 
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Figure 10. Behavior of the proposed sliding model controller 

 
Figure 11. The behavior of the sliding surface 

 

Figure 10 depicts the behavior of the proposed sliding model controller. As 
can be seen from Figure 10, the controller has reached zero value after a short time. 

Figure 11 shows that the sliding surface has converged to zero exponentially over 

time.  

In the other part of the simulation, the tracking of other desired values is in-

vestigated. In this way, after reaching the first desired values, the second desired 

values are tracked. 
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Table 1.  shows the different time sequences. 

Seq. Time Desire value Sliding 

mode 

1 0<Time<4 none off 

2 4<Time<10 * * * * 0x y z w= = = =  on 

3 10<Time<∞ * * * * 5x y z w= = = =  on 

 

When physical systems are involved in chaos, they cause great damage to or-

ganizations and systems in the real world. Therefore, controller design methods 

should be able to remove chaotic behavior from the system in a short period of 

time and also track it if desired values are required. Therefore, the time to reach 

stability is defined from the time the controller is applied until the zero error is 
reached. In the sliding model controller design method, the time to reach stability 

and eliminate chaos is approximately equal to t=1.8. This value can be controlled 

by setting the parameters 
, , ,x y z w   

  in equation (9). Figure 14 shows the com-

parison of chaotic supply chain behavior with changing values 
, , ,x y z w   

, and 

Figure 15 shows the behavior of the proposed sliding model controller with differ-

ent 
, , ,x y z w   

values. 

 
Figure 12. Chaos removal and optimal value tracking under 

the proposed sliding model controller 
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Figure 13. The behavior of the sliding model controller in or-

der to track the desire values after removing the chaos 

 

Figure 14. Chaotic supply chain behavior with changing values 
, , ,x y z w   
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Figure 15. The behavior of the sliding model controller for remove chaotic supply 

, , ,x y z w   chain behavior with changing values  

As can be seen, the more negative zeta values increase the speed of conver-

gence towards the desired values. But the important point is the controller's be-

havioral conditions, which have sharp points and more magnitude. Controller be-

havior can represent real-world implementation cost. In other words, in physical 

systems, the control signal is applied to the actuator, but if this signal has high 

frequencies, the actuator may not be able to respond to it. In supply chain systems, 

the control signal is the same as management decisions. Also, the actuator in sup-
ply chain systems is interpreted as organizational agility. Therefore, if an organi-

zation is agile and fast, it can respond to quick management decisions. Otherwise, 

in physical systems or supply chain systems, the fast behavior of the controller is 

not seen by the driver. 

1.5 Conclusion 

This paper delves into the intricate dynamics of supply chains, highlighting 

the challenges posed by their interconnected components and susceptibility to dis-

ruptions. Our research utilizes dynamical and multistability analyses to explore 

nonlinear behaviors and identify potential risks within these systems. Key find-
ings from our dynamical analysis demonstrated how transport risk, quality risk, 

distortion, contingency reserves, and safety stock impact supply chain manage-

ment. Each of these factors was shown to influence the stability and efficiency of 

supply chain operations significantly. Moreover, we introduced a sliding method 

for computing the sliding surface and its derivative, along with the derivation of 

an equivalent control law. This method presents promising avenues for controlling 

supply chain dynamics by providing a robust mechanism to manage the complex-

ities and nonlinearities inherent in supply chains. Our sliding mode controller was 
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validated through simulations, which underscored its effectiveness in stabilizing 
supply chain operations and enhancing performance. In practical terms, this con-

troller can be implemented in supply chain management software and systems to 

automatically adjust key parameters such as order quantities, inventory levels, 

and safety stock in response to real-time data. Due to computational limitations, 

real applications will be implemented for future research. 
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CHAPTER 2 

Enhanced Chaotic Modeling of Supply Chains with  

Market Shock and Intelligent Fuzzy Control 

2.1 Introduction 

The SCM plays a pivotal role in driving economic growth as it serves as the back-

bone of production, distribution, and consumption processes in both local and 

global markets [1]. A well-functioning supply chain ensures the efficient flow of 

goods, services, information, and capital across various sectors, enabling busi-

nesses to meet customer demands, minimize operational costs, and respond 

swiftly to market dynamics [2]. In the context of globalization, supply chains have 

become increasingly interconnected and complex, involving multiple stakeholders 

across borders, which amplifies their strategic importance in sustaining economic 

development [3]. However, the growth of the economy is often challenged by sup-

ply chain disruptions caused by factors such as natural disasters, geopolitical in-

stability, pandemics, and sudden market shocks, which can lead to delays, short-

ages, and increased costs [4]-[6]. Additionally, uncertainties in demand forecast-

ing, transportation bottlenecks, and quality control issues further exacerbate the 

fragility of modern supply chains [7]. These challenges not only affect individual 

businesses but also have cascading effects on national and global economies, high-

lighting the urgent need for more resilient, adaptive, and intelligent supply chain 

systems [8]. Therefore, enhancing supply chain performance through advanced 

modeling and robust control mechanisms is essential to ensure economic stability, 

competitiveness, and sustainable growth in an increasingly uncertain world [9]-

[10]. 

Market shock is a critical factor to be studied in SCM because it represents sudden 

and often unpredictable changes in market conditions, such as abrupt fluctuations 

in demand, price volatility, supply disruptions, or external crises like pandemics 

and geopolitical conflicts [11]-[13]. These shocks can cause significant disturbances 

throughout the supply chain, leading to inventory imbalances, production delays, 

increased costs, and customer dissatisfaction [14]. Unlike gradual trends, market 

shocks can propagate rapidly and nonlinearly, making traditional supply chain 

models inadequate in capturing their true impact [15]. Studying market shocks 

allows researchers and practitioners to develop more robust and adaptive strate-

gies that can anticipate, absorb, and recover from such disruptions [16]. By incor-

porating market shock dynamics into SCM, decision-makers can improve system 

resilience, optimize response strategies, and maintain continuity under volatile 
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conditions, which is essential for sustaining business operations and economic sta-

bility [17]-[20]. 

Chaos is important to study in SCM because it provides a powerful framework for 

understanding the complex, nonlinear, and sensitive behaviors that frequently 

arise in real-world logistics networks [21]-[22]. Unlike linear models, which as-

sume predictable and proportional responses, chaotic models capture how small 

changes in input—such as delays, demand variations, or supplier disruptions—

can lead to disproportionately large and unpredictable effects across the entire 

supply chain [23]. These dynamics are especially relevant in today’s intercon-

nected and rapidly changing markets, where feedback loops, lead times, and in-

terdependencies often generate irregular patterns and instability [24]. By analyz-

ing chaotic behavior, researchers and practitioners can identify early signs of dis-

ruption, understand the conditions under which instability emerges, and develop 

strategies to control or mitigate adverse outcomes [25]. Thus, chaos theory offers 

valuable insights into the hidden patterns and vulnerabilities within supply 

chains, enabling the design of more resilient, adaptive, and intelligent systems. 

The application of Fuzzy Control (FC) in chaotic systems and SCM has gained in-

creasing attention in recent literature due to its ability to handle uncertainty and 

the inherent complexity of such systems. Aslam et al. [26] implement a novel fuzzy 

control strategy for nonlinear SCM systems that explicitly accounts for the effects 

of lead times and enable smooth switching between multiple SCM sub-models by 

using the MRRG method. Liu et al. [27] develop a robust fuzzy adaptive control 

strategy for the synchronization of a newly proposed fractional-order three-eche-

lon SCM exhibiting chaotic behavior and integrated to enhance performance and 

eliminate chattering effects using FC. Kocamaz et al. [28] implemented a hybrid 

intelligent control approach for managing chaos and achieving synchronization in 

SCM using ANN and ANFIS-based controllers. Cao et al. [29] developed a hybrid 

modeling and FC framework for SCM under disruption conditions using Petri nets 

and constructed a fuzzy-based operational model of SCM that integrates both con-

tinuous delivery rate dynamics and discrete disruption events. Xu et al. [30] im-

proved the accuracy of SCM prediction and enhance system stability by develop-

ing a fuzzy neural network-based prediction and control model grounded in cha-

otic time series analysis. They reconstructed the sub-phase space using SCM time-

series data, determine the saturated embedding dimension and the largest LE, and 

build a demand prediction model using FNN. Zhang et al. [31] develop a fuzzy 

robust control strategy for an uncertain closed-loop SCM that experiences time-

varying delays in the remanufacturing process and transformed into a fuzzy dy-

namic model with time delay using the Takagi–Sugeno fuzzy modeling approach. 
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Despite the significant progress in the application of FC strategies across various 

supply chain contexts—ranging from handling lead times, synchronization of cha-

otic systems, integration with intelligent control methods, to managing disrup-

tions and delays—there remains a lack of comprehensive studies that integrate 

chaotic modeling, multistability analysis, and FC in a high-dimensional nonlinear 

SCM subjected to external shocks such as market volatility. Most existing works 

focus on either control or prediction, but few address the combined challenges of 

chaotic dynamics, market-induced perturbations, and the need for adaptive, low-

oscillation control within a unified framework. Therefore, this study fills a critical 

gap by proposing an enhanced N5DCSCM that incorporates market shock dynam-

ics and is stabilized using an intelligent FC strategy, offering a novel approach to 

achieving robust and efficient control in complex and uncertain supply chain en-

vironments. 

The main contribution and novelty of this work as follows:  

a. This study introduces an enhanced N5DCSCM by incorporating market 

shock dynamics, providing a more realistic representation of supply chain 

behavior under external uncertainties. 

b. The paper conducts an in-depth dynamic analysis of the proposed system 

dynamical analysis and multistability exploration. Additionally, amplitude 

control via rescaling and offset boosting techniques are applied to further 

enhance system controllability without eliminating chaotic characteristics. 

c. A fuzzy logic-based controller is designed to stabilize the proposed chaotic 

system, demonstrating its effectiveness in reducing system oscillations, en-

suring smooth transitions between system states, and maintaining control 

even in the presence of unknown inputs. 

 

2.2 Model of N5DCSCM 

Cuong et al. [32] described a CSCM by the following 4-D system: 

 {

𝑅̇ = 𝑎(𝐷 − 𝑅) + 𝑑𝐶

𝐷̇ = 𝑐𝑅 − 𝑅𝑀 − 𝐷
𝑀̇ = 𝑅𝐷 − 𝑏𝑀
𝐶̇ = −𝑅 − 𝑎𝐶

                                           

(1) 

Here, 𝑅 denotes the product demand at the retailer, 𝐷 represents the quantity 

supplied by the distributor, 𝑀 refers to the amount produced by the manufac-

turer, and 𝐶  signifies the product received by the customer. Additionally, the 

CSCM (1) incorporates several coefficients, including transport risk (𝑎), quality 

risk (𝑏), distortion (𝑐), and contingency reserve (𝑑). When 𝑎 = 2, 𝑏 = 1.05, 𝑐 = 26 
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and 𝑑 = 1.5, Cuong et al. (2023) witnessed a chaotic attractor exhibited by the 

CSCM (1) for the initial values 𝑅(0) =  𝐷(0) =  𝑀(0) = 𝐶(0) = 0.04. In fact, for 

𝑇 = 1𝐸4 seconds, the LE for the CSCM (1) were found to be: 

       1 0.4228,L =  2 0,L =  3 2.9262,L = −  4 3.5468L = −     

 (2) 

We have added market shock, the question is   

{
 
 

 
 
𝑅̇ = 𝑎(𝐷 − 𝑅) + 𝑑𝐶 + 𝛼𝑆

𝐷̇ = 𝑐𝑅 − 𝑅𝑀 − 𝐷
𝑀̇ = 𝑅𝐷 − 𝑏𝑀
𝐶̇ = −𝑅 − 𝑎𝐶
𝑆̇ = −𝑅 + 𝛾𝑆

        (3) 

In N5DCSCM (3), S represent the direct effect of market shock on demand 

growth R and 𝑆̇ = −𝑅 + 𝛾𝑆is shock dynamics depend on damping demand. In 

N5DCSCM (3),  is the sensitivity or amplification factor of external disturbances, 

  is sensitivity of market shock to demand, and  is the natural rate of shock re-

duction. The N5DCSCM (3) displays chaotic dynamics for the parameter values 

( , , , , , , ) (2,1.05,26,1.5,1,2.8,1)a b c d    = . The LEs of the N5DCSCM (3) are calcu-

lated using numerical simulation with the initial condition 

(0) (0) (0) (0) (0) 0.04R D M C S= = = = =  as given below: 

1 2 3 4 5(LE ,LE ,LE ,LE ,LE ) = (0.425546,0,-2.3613,-2.3943,-4.5183)  

The equilibrium of the N5DCSCM (3) can be found by solving the following sys-

tem of equations. 

                2( ) 1.5 0D R C S− + + =                         (4a)                                             

                     26 0R RM D− − =                        (4b)                                                    

                       1.05 0RD M− =                        (4c)                                                   

                           2 0R C− − =                       (4d)                                                

                         2.8 0R S− + =                        (4e)                                                

From equations (4d) and (4e), we first determined the values of the variables C and 

S in terms of R. Specifically, solving equation (4d) yielded: 

                              
2

R
C = −                                (4f)                                  
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and solving equation (4e) gave: 

                              
2.8

R
S =                                (4g)                               

Next, we substituted these expressions for C and S into equation (4a). Upon sim-

plification, this substitution led to the following expression for D: 

    1.19643D R=                           (4h) 

We then substituted (4h) into equation (4b). Solving this equation resulted in a 

numerical value for M: 

M = 24.80357 

Now, using the values D = 1.19643R and M = 24.80357, we substituted into equa-

tion (4c). Solving this equation yielded the final value of R: 

R = 4.666 

Finally, using R = 4.666, we substituted in to equations (4f), (4g) and (4h) and 

consequently determined the values  

D = 5.582, C = -2.333, S = 1.666 

Thus, the equilibrium point of the new system can be written as 

E = (R, D, M, C, S) = (4.666, 5.582, 24.8036,-2.333, 1.666)             (5) 

Now, the Jacobian matrix of the model (3) can be written as follows: 

0

1 0 1

0 0

1 0 0 0

0 0 0

a a d

c M R

J D R b

a



 

− 
 
− − − −

 
 = −
 

− − 
 − 

                                          (6) 

By substituting the values from equation (5) and parameters into the matrix (6), 

the Jacobian matrix (6) becomes as (7). 

2 2 0 1.5 1

1.1964 1 4.666 0 1

( ) 5.582 4.666 1.05 0 0

1 0 0 2 0

2.8 0 0 0 1

J E

− 
 

− − −
 
 = −
 

− − 
 − 

                                  (7)   

The eigenvalues of the matrix (7) are 
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1,2

3,4

5

0.05576 4.98477

2.73131 0.938

0.52414

j

j







= − 

= − 

=

                                               (8)              

The combination of negative and positive values in the eigenvalues (8) shows that 

the equilibrium point (E) of the N5DCSCM (3) is unstable saddle point. Figure 1 

shows the chaotic attractors of the N5DCSCM (3) in various 2D planes.  

 

 

Figure 1. Chaotic attractors of the N5DCSCM (3) with the initial condition 

(0) (0) (0) (0) (0) 0.04R D M C S= = = = = . 

2.3 Dynamic Analysis 

In this section, the complex dynamics of the N5DCSCM (3) are examined using BD 

and LE spectra. The BD is a crucial tool in the analysis of chaotic models to under-

stand how the system’s behaviour changes a parameter is varied. It shows how a 

system transition from stable behaviour to chaos or vice versa as a parameter 

changes. The LE spectra play another central role in analysing and understanding 

chaotic systems. The most direct use of LE spectra is to quantify chaos. A positive 

LE indicates that nearby trajectories diverge exponentially, which is the defining 

characteristic of chaotic behaviour. In this work, the BD and LE spectra are plotted 
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with the initial conditions (0.04, 0.04, 0.04, 0.04, 0.04). The variation of the LE values 

is depicted in LE spectra, with LE1 shown in blue, LE2 in red, LE3 in green, LE4 in 

black, and LE5 in magenta. 

                                                                          

                    (a)                                  (b)  

Figure 2 (a) BD and (b) LE spectra with respect to the parameter a. 

 Figure 2 presents a comprehensive analysis of the dynamic behavior of the 

N5DCSCM (3) through the BD and the corresponding LE spectra as functions of 

the system parameter a. In Figure 2a, the BD reveals a high-density region within 

the range 2 10a  , characterized by a complex and scattered distribution of tra-

jectory points. This dense and irregular pattern is a hallmark of chaotic dynamics, 

indicating that the system exhibits aperiodic and unpredictable behavior in this 

parameter range. Complementing this, Figure 2b displays the LE spectra for the 

same variation in parameter a, where the presence of positive LE values in the in-

terval 2 10a  confirms the onset of chaos with in this parameter regime. 

 

  (a)                                 (b)  

Figure 3 (a) BD and (b) LE spectra with respect to the parameter ‘b’. 
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Figure 3 shows the bifurcation plot and the corresponding LE spectra of the 

N5DCSCM (3) as the function of the parameter b. Figure 3a clearly reveals that the 

chaotic dynamics occurs in the region 0 1.1b   as evidenced by dense and scat-

tered trajectories in the bifurcation plot. Beyond this region, the system undergoes 

a transition to a stable state, represented by a single continuous line, indicating the 

convergence of trajectories. This observation is further supported by the corre-

sponding LE spectra shown in Figure 3b, where the occurrence of positive LE val-

ues in the region 0 1.1b   conform the sensitivity to initial conditions and the 

existence of chaotic behaviour in the system.  

 

                   (a)                                    (b)                                        

Figure 4 (a) BD and (b) LE spectra with respect to the parameter c. 

Figure 4 shows the BD and LE spectra of the N5DCSCM (3) as a function of the 

parameter c in the region 24 30c  . As illustrated in Figure 4a, the BD displays 

a single distinct line within the region 24 25.8c  , indicating that the system dis-

plays stable and periodic behaviour in this region. However, as the parameter c 

exceeds c = 25.8, the system undergoes a bifurcation, leading to a transition into 

chaotic dynamics characterized by the appearance of two branches, which signify 

the onset of complex and, aperiodic behavior. Figure 4b presents the LE spectra 

corresponding to the variation of the parameter c, providing additional supports 

of the behaviour observed in the bifurcation diagram. In the region 24 25.8c  , 

both LE1 and LE2 are zero while the remaining LEs are negative, indicating s stable 

and periodic behaviour of the system in this region. Beyond c = 2.58, LE1 becomes 

positive while other exponents retain its polarity, clearly indicating the transition 

to chaotic behaviour in the specified region. 
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(a)                               (b)  

Figure 5 (a) BD and (b) LE spectra with respect to the parameter  . 

Figure 5a illustrates the BD of N5DCSCM (3) as the parameter   varies over the 

interval1 5  . In the range1 2.7  , the diagram displays a single line, indi-

cating that the system behaves in a stable and periodic manner with no significant 

sensitivity to initial conditions. However, as   exceeds 2.7, the system undergoes 

a bifurcation, evidenced by the emergence of two distinct branches in the diagram. 

This bifurcation marks the beginning of complex dynamical behavior and signifies 

the onset of chaos. Supporting this observation, Figure 5b presents the correspond-

ing LE spectra, where LE1 remains non-positive for 2.7  , consistent with stable 

dynamics. Beyond 2.7 = , LE1 becomes positive, clearly indicating a transition to 

chaotic behavior. The presence of a positive LE1 confirms sensitivity to initial con-

ditions and reinforces the conclusion that the system enters a chaotic regime as the 

parameter   increases past this critical threshold. 

2.3.1 Multistability Analysis 

Multistability refers to the presence of two or more stable states (attractors) under 

the same system parameters. A bifurcation diagram reveals multistability when 

multiple distinct attractor responses coexist at the same parameter value, visible 

by running the system from different initial conditions and plotting all steady-state 

outcomes. Multiple branches or scattered points at the same parameter value from 

different initial conditions are a signature of multistability. 
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In this section, the multistability is realized in the N5DCSCM (3) by plotting the 

bifurcation diagram for the parameter d with the initial conditions (0.04, 0.04, 0.04, 

0.04, 0.04) (blue) and (-0.04, -0.04, -0.04, -0.04, 0.04) (red). Figure 6a reveals two 

distinct branches shown in blue and red within the interval 0 1.49d  , indicat-

ing the presence of multiple coexisting periodic attractors. Additionally, the over-

lapped regions with scattered points within the interval 1.5 5d  suggest the ex-

istence of chaotic coexisting attractors in the N5DCSCM (3). Figure 6b further con-

firms that the N5DCSCM (3) exhibits chaotic dynamics with in the interval 

1.5 5d  , as indicated by one positive LE value.  Figure 7 shows the multiple 

coexisting periodic and chaotic attractors at d = 1.45 and d = 1.5 respectively. 

 

(a)                                                                 (b)  

Figure 6 (a) BD and (b) LE spectra with respect to the parameter d. 

 

(a) d = 1.45                     (b) d=1.5 

Figure 7 (a-b) Coexisting attractors in periodic and chaotic regions of the parame-

ter d respectively. 

2.3.2 Complete Amplitude Control via Rescaling 

Complete amplitude control (CAC) in a chaotic system refers to the ability to sys-

tematically regulate the amplitude of chaotic oscillations without eliminating the 
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chaotic nature itself. CAC can be introduced into a chaotic system by modifying 

its dynamics with a constant control parameter that regulates the amplitude with-

out eliminating chaos. Rescaling variables using a constant control parameter (k) 

is an effective method to achieve CAC in chaotic systems.  

Consider the general system ( )x f x= , where nx is the state vector and f(x) de-

fine nonlinear chaotic dynamics. Now, introduce a constant control parameter 

0k  to rescale the variables: x kX= , where X is the new rescaled variable. By dif-

ferentiating x kX= , we will get  

( )

1
( )

x kX f kX

X f kX
k

= =

=
 

The shape and type of attractor remain unchanged, but the amplitude is scaled by 

k. The system’s amplitude can be amplified by choosing 0 1k  and reduce it if

1k  .  

Now consider the N5DCSCM (3) and apply rescaling transformation to all the state 

variables using k, such that , , , ,R kR D kD M kM C kC S kS= = = = = . Substituting 

these into N5DCSCM (3) and simplifying, the scaled system is obtained which cor-

responds to Eq. (7). 

𝑅

̇

=

𝑎

(

𝐷

−

𝑅

) +

𝑑𝐶

+

𝛼𝑆

 

𝐷

̇

=

𝑐𝑅

−=

𝑘𝑅𝐷

−

𝑏𝑀

 

𝐶

̇

= −

𝑅

−

𝑎𝐶 

𝑆

̇

= −

𝑅

+

𝛾𝑆

  

(a)                                     (b)                                                          
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                   (c)                                (d)                                

Figure 7 (a-d) Chaotic attractors of the rescaled system (7) in various 2D planes 

with k = 0.8 (red) and k= 1.4 (green). 

 

Figure 8 (a) BD with various k (b) LE spectra of the rescaled model (7) as a func-

tion of k. 

Figure 7 shows chaotic attractors of the rescaled system (7) in various 2D planes 

for two values of the control parameter: k = 0.8 (red) and k= 1.4 (green). Figure 8a 

presents the BD of rescaled system (7) as a function of d again for k = 0.8 (red) and 

k= 1.4 (green). From both Figure 7 and Figure 8a, it is evident that control parame-

ter k influences the amplitude of all the state variables: when k is fractional, it am-

plifies the amplitude; when k is non - fractional, it reduces the amplitude. Figure 

8b, which shows the constant LE spectra, confirms that the LE values of the re-

scaled model (7) closely matched those of the N5DCSCM (3). It indicates that the 

chaotic nature of the proposed model is remains unaffected by the variation in the 

parameter k. 
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2.3.3 Offset Boosting Control 

Offset boosting in chaotic systems refers to the technique of adding a constant pa-

rameter (an offset) to one or more state equations of a chaotic system. This method 

modifies the system’s trajectory in phase space without changing its underlying 

dynamics, such as chaos, periodicity, or bifurcations. In this section, the trajectory 

of the N5DCSCM (3) is shifted in phase space along the S and C directions by in-

troducing constant offsets u and v, respectively.  The offset boosted model is for-

mally expressed in Eq. (8).  

{
 
 

 
 
𝑅̇ = 𝑎(𝐷 − 𝑅) + 𝑑𝐶 + 𝑆 + 𝑢

𝐷̇ = 𝑐𝑅 − 𝑅𝑀 − 𝐷
𝑀̇ = 𝑅𝐷 − 𝑏𝑀
𝐶̇ = −𝑅 − 𝑎𝐶
𝑆̇ = −𝑅 + 𝛾(𝑆 + 𝑢)

       (8)   

   

               (a)                                     (b) 

Figure 9 (a) Offset boosted attractor (b) BD of the model (8) with u = 5 (red)  

and u = -5 (green). 

Figure 9a shows the offset boosted attractor of the model (8) along the direction of 

S, illustrating that the booster induces a positive shift in the signal for u < 0 and 

negative shift for u > 0. This behaviour is further validated through the BD de-

picted in Figure 9b, which plot the parameter d against the variable S. 

2.4 Fuzzy logic-based controller design 

The fuzzy logic controller operates by translating real-world inputs—such as 

product demand, supply levels, or production rates—into linguistic terms like 

“high,” “medium,” or “low.” These inputs are then processed using a set of pre-

defined fuzzy rules created based on expert knowledge. Each rule follows a simple 

logic format, such as: “If demand is high and inventory is low, then increase pro-

duction.” Using the Mamdani inference method, the controller evaluates all 
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relevant rules and combines their outcomes to determine an appropriate control 

action. 

Afterward, the fuzzy output (still in linguistic form) is converted back into a pre-

cise numerical value through a process called defuzzification, which is then used 

to adjust variables within the supply chain system—such as production rate or 

shipment size. This approach allows the controller to make smooth, human-like 

decisions even in the presence of complex, nonlinear, or uncertain behaviors that 

are typical in chaotic supply chains. 

In order to design a simple fuzzy controller, which can drive the convergence of 

chaotic system states towards zero. This stub control consists of simple fuzzy rules 

and its convergence speed is acceptable. The design of the fuzzy controller is illus-

trated in Eq. (4) 

( ) R

D

M

C

S

R a D R dC S U

D cR RM D U

M RD bM U

C R aC U

S R S U



 

 = − + + +


= − − +


= − +


= − − +
 = − +

       (9) 

Which , , , ,R D M C SU U U U U  are inputs control. If the initial conditions are 

0 0 0 0 0[R ,D ,M ,C ,S ] [0.04,0.04,0.04,0.04,0.04,]T T=  and also the system parameters 

are 1, 2.8, 1, 2, 1.05, 26, 1.5a b c d  = = = = = = = . Figure 10 illustrates the dy-

namic behavior of the system (9) over a 60-second simulation period under uncon-

trolled conditions, where all control inputs are set to zero. The trajectories of the 

state variables—retailer demand (R), distributor supply (D), manufacturer pro-

duction (M), customer received product (C), and supply chain stress or distortion 

(S)—exhibit strong oscillations and irregular patterns, particularly visible in vari-

ables M and D, which fluctuate with high amplitude and frequency.  

Now, the FC design method is described. The design steps are summarized as fol-

lows: 

Step 1: Determine the error and error derivative 

Step 2: Determine the type of membership function (for input and output) 

Step 3: Number of membership functions (for input and output) 

Step 4: Determine the fuzzy rules (for input and output) 
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Step 5: Relationship between rules or weighting (for input and output) 

Step 6: Determine the fuzzy inference engine 

 

Figure 10. Time response of the chaotic equations of the Eq. (9) 

Figure 11 illustrates that the proposed fuzzy control system takes the error and its 

derivative as inputs, which represent the deviation from the desired system be-

havior and the rate of that deviation, respectively. These inputs are processed 

through a Mamdani-type inference engine to generate the appropriate control sig-

nal. The output of the fuzzy system determines the control action needed to adjust 

the chaotic supply chain system toward a more stable and synchronized state. 

 

Figure 11. Fuzzy controller design structure 

The membership functions in the proposed fuzzy system are defined using a tri-

angular shape, with three membership functions assigned to each input and 
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output variable. As shown in Figure 12, these functions help map the input-output 

relationships within the fuzzy controller. The rule base is constructed with equal 

weighting (set to 1) for each rule, ensuring balanced influence across all control 

actions. The fuzzy rules developed for the system (9) are detailed as follows. 

IF Error is P and d_Error P, THEN U_Fuzzy is P 

IF Error is P and d_Error Z, THEN U_Fuzzy is P 

IF Error is P and d_Error N, THEN U_Fuzzy is Z 

IF Error is Z and d_Error P, THEN U_Fuzzy is P 

IF Error is Z and d_Error Z, THEN U_Fuzzy is Z 

IF Error is Z and d_Error N, THEN U_Fuzzy is N 

IF Error is N and d_Error P, THEN U_Fuzzy is Z 

IF Error is N and d_Error Z, THEN U_Fuzzy is N 

IF Error is N and d_Error N, THEN U_Fuzzy is N 

 

 

 

Figure 12. Membership functions for input and output 

Figure 12 displays the triangular membership functions used for both the inputs 

and output of the fuzzy logic controller. The top plot shows the membership 
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functions for the input variables—error (eee) and change in error (dedede)—which 

are categorized into three linguistic terms: Negative (N), Zero (Z), and Positive (P). 

Similarly, the bottom plot represents the output control signal (UUU), also defined 

by the same three linguistic labels. These triangular membership functions enable 

the fuzzy inference system to interpret input variations and generate smooth con-

trol outputs. The symmetry and simplicity of the triangular shape ensure compu-

tational efficiency while effectively capturing the behavior of the chaotic supply 

chain system. 

The Table 1 presented is a Fuzzy Rule Table, which defines the control actions for 

a fuzzy logic controller based on two input variables: Error and d_Error (change 

in error). The table uses linguistic variables—P (Positive), Z (Zero), and N (Nega-

tive)—to categorize the input values. The rows represent the Error values, while 

the columns represent the rate of change of the error (d_Error). The intersecting 

cells indicate the control output or fuzzy action (U_Fuzzy) that should be taken by 

the controller based on the combination of these inputs. For example, when both 

Error and d_Error are Positive (P), the output is also Positive (P), suggesting a 

strong corrective action in the same direction. 

Table1: Fuzzy rules: P=Positive, Z=Zero, N=Negative 

 

U_Fuzzy 
d_Error 

P Z N 

Error P P P Z 

Z P Z N 

N Z N N 

 

Table 1 is an essential part of fuzzy logic systems, particularly in control applica-

tions like robotics, process control, or temperature regulation, where precise math-

ematical models are difficult to derive. The logic embedded in this table mimics 

human reasoning by applying intuitive control decisions. For instance, if the error 

is Negative and the rate of change is also Negative (indicating the error is getting 

worse in the negative direction), the controller responds with a Negative output, 

maintaining the correction direction. Such a rule base helps smooth system behav-

ior and improves responsiveness without overshooting or instability. 

2.5 Numerical simulations 

In the previous section, the basic structure of the fuzzy controller was described. 

Now, in this section, the numerical simulation results will be depicted. In the nu-

merical simulation, the system parameters are 

0 0 0 0 0[R ,D ,M ,C ,S ] [0.04,0.04,0.04,0.04,0.04,]T T= , respectively, and the initial 
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conditions are 1, 2.8, 1, 2, 1.05, 26, 1.5a b c d  = = = = = = = . The controller has 

been applied to the hyperchaotic system since time T=35sec. So, there is no control 

before this time.  

 

Figure 13. Time response of the SCM before and 

 after the proposed fuzzy controller. 

 

Figure 13 demonstrates the effectiveness of the fuzzy logic controller in stabilizing 

the CSCM. However, once the controller is activated around the 30-second mark, 

the system rapidly converges to equilibrium. Within a short period, all state vari-

ables settle to zero, indicating that the controller successfully suppresses the cha-

otic dynamics and drives the system toward a stable, synchronized state. This 

highlights the controller’s ability to efficiently regulate supply chain fluctuations 

and achieve steady performance. The control signal condition in Figure 14 shows 

that it has a small amplitude and is also free of oscillations. This indicates that it 

has the potential to be implemented in the real world. In the next part of the sim-

ulation, the hyperchaotic system is subjected to an unknown input. This unknown 

input is equal to | | 0.2 =  and will be added to all rows of the system (9). In other 

words, the hyperchaotic equations (9) will be as follows. 
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Figure 14. Time response of the proposed fuzzy controller. 

 

Figure 15. Time response of model (10) with unknown input before and  

after applying the proposed fuzzy controller. 
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Figure 15 illustrates the time response of the enhanced N5DCSCM when subjected 

to an unknown external input, both before and after applying the proposed fuzzy 

logic controller. Initially, the system exhibits significant instability due to the pres-

ence of the unknown input, as indicated by the erratic and high-amplitude oscil-

lations in the state variables. However, after the FC is activated, the trajectories of 

all state variables—including demand, supply, production, and distortion—begin 

to stabilize and gradually converge towards zero. This transition confirms the con-

troller's effectiveness in mitigating the impact of external disturbances and driving 

the chaotic system towards a synchronized and steady state. 

 

Figure 16 Time response of the proposed fuzzy controller in the presence of un-

known input 

Figure 16 complements this observation by showing the behavior of the control 

signal generated by the fuzzy controller in response to the unknown input. The 

figure reveals that the control signal maintains a low amplitude and is free from 

oscillations, which implies an efficient and energy-conserving control action. As 

the system becomes more stable over time, the control signal diminishes smoothly 

to zero, indicating that the controller not only suppresses chaos effectively but also 

does so with minimal effort. 

2.6 Conclusion 

This study introduces a N5DCSCM that integrates market shock dynamics into a 

previously established four-tier system. Through rigorous dynamical analysis—

including BD, LE spectra, and multistability exploration—the model reveals rich 
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and complex behaviors such as chaos and coexisting attractors. The inclusion of 

market shock parameters enables a more realistic simulation of disruptions in real-

world supply chains. To address the instability arising from chaotic dynamics, ad-

vanced control mechanisms were proposed, including complete amplitude control 

via rescaling and offset boosting to manipulate phase trajectories without sup-

pressing chaos. Most notably, a fuzzy logic-based controller was developed using 

a Mamdani inference engine. Numerical simulations demonstrate that this con-

troller effectively stabilizes the N5DCSCM with minimal oscillations and robust 

performance—even in the presence of unknown external inputs. The findings con-

firm that the proposed model and control strategy provide a good performance 

and adaptable framework for understanding and managing complex supply 

chains under uncertainty, with significant potential for real-world applications in 

logistics and operations management. 
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CHAPTER 3 

Controlling the Unpredictable: Bifurcation and Backstep-

ping Strategies in Supply Chain Dynamics 

 

 

3.1 Introduction 

 

Supply Chain Management (SCM) involves the coordination and integration 

of various activities and processes within a network of organizations that collabo-

rate to deliver a product or service to the end customer [1]-[2]. The key entities in 

a supply chain typically include retailers, distributors, and manufacturers [3]-[4]. 

In summary, they play distinct but interconnected roles in the supply chain. Effec-

tive coordination and collaboration among these entities is essential for achieving 

efficiency, responsiveness, and customer satisfaction throughout the supply chain 

[5]-[6]. 

Several attribute properties within the SCMM defy adequate description 

through basic analysis. Therefore, it becomes imperative to engage in theoretical 

exploration of the complexity inherent in the supply chain system. This involves 

employing methods such as bifurcation and chaos control within the framework 

of nonlinear dynamics. Numerous studies have explored the manifestation of 

chaos in SCMM. For instance, Xu et al. [7] introduced an ASTSM control algorithm 

to address chaotic SCMM. The theory control can be extended to novel integration 

software for operational management within SCMM networks. Kocamaz et al. [8] 

demonstrated the control of a chaotic SCMM using ANN based controllers. They 

also presented the synchronization of two identical SCMM with distinct initial 

conditions using ANFIS technique. Göksu et al. [9] proposed the mathematical 

model of a control chaotic SCMM system, employing linear feedback controllers 

with Lyapunov stability theory. Nav et al. [10] investigated SCMM with a smooth 

ordering policy and introduced a new policy designed based on a proportional-

derivative technique. Açıkgöz et al. [11] examined a three-dimensional SCMM, uti-

lizing it to stabilize the system by introducing a linear control to increase produc-

tion and prevent a collapse leading to dangerous instability. Chen and Zhou [12] 

developed a dynamic price and advertising game model for an omni-channel 

SCMM involving online purchases with in-store pickups. They explored the sta-

bility and complexity of migration rates for online and traditional consumers, as 

well as the sharing rate of advertising costs. Tian et al. [13] analyzed a Stackelberg 

dynamic model for a multi-channel SCMM, involving a manufacturer and two re-

tailers. This study focused on a manufacturer providing a single product to tradi-

tional retailers, online retailers, and a direct channel. Peng et al. [14] proposed a 

novel SCMM sensitive to various uncertainties and exogenous disturbances. They 
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discussed the impulsive synchronization SCMMs with identical structures. Qian 

et al. [15] investigated a SCMM under technology subsidies, involving a general 

contractor and two green building material manufacturers. The research examined 

how individuals involved in the green building material industry make decisions 

related to technological innovation within the SCMM under a dynamic game. Han 

and Wang [16] explored the chaotic behaviors of nonlinear SCMM using control 

theory, nonlinear system theory, chaos theory, and confirmed through the Lya-

punov exponent that the behavior of demand information-sharing SCMM mem-

bers alternates between chaotic and periodic movement. 

The primary hurdle in this domain involves formulating control and manage-

ment strategies that guarantee the systems operate effectively. Control theory has 

laid a solid groundwork for addressing the complexities of nonlinear dynamics. 

Studies related to control in supply chain have been widely studied in the field of 

chaos such as fixed-time super-twisting sliding mode [17], robust H∞ control [18], 

unidirectional and bidirectional [19], radial basis function [20], nonlinear control 

[21], ANFIS control [22], fuzzy adaptive control [23], delayed feedback control [24] 

and fault-tolerant control strategy [25]. Based on this literature, backstepping con-

trol is not reported for control strategy for the SCMM. In our study, backstepping 

control provides a systematic way to design controllers that are robust to uncer-

tainties and disturbances in the system. The method allows for the incorporation 

of adaptive elements to adjust the controller parameters in real-time, enhancing 

the system's ability to cope with varying conditions.   

In this paper, we assess the stability of the SCMM by identifying and analyzing 

key bifurcation points, including Hopf bifurcation, transcritical bifurcation, and 

double-zero bifurcation. Furthermore, we investigate the dynamical characteris-

tics of the SCMM through the use of bifurcation diagrams and Lyapunov expo-

nents, aiming to uncover periodic, chaotic, and reverse period-doubling behaviors. 

Finally, we proposed backstepping controllers to manage the chaotic behavior 

within the SCMM and achieve synchronization between two SCMMs. 

The rest of this paper are structured as outlined below: Section 2 focuses on the 

modeling of the SCMM and the exploration of stability through bifurcation tech-

niques. Moving to Section 3, the examination of dynamical analysis is conducted 

using Lyapunov exponents and bifurcation diagrams. In Section 4, a backstepping 

control scheme is implemented to manage behavior of the SCMM, and diverse nu-

merical simulations are showcased. Lastly, Section 5 provides concluding remarks. 

3.2 A Chaotic Supply Chain Model  

In 2022, Hamidzadeh et al. [26] defined a chaotic model consisting of a three-
tier supply chain network with retailers, distributors and manufacturers, which 
can be described as follows:  
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(1) 

where y1 is retailers, y2 is distributors, and y3 is manufacturers. The first differential 

equation in (1) describes the behavior of retailers that are affected by their sales 

and the response by distributors to these requests. The second differential equa-

tion in (2) describes the behavior of distributors who mainly seek to control their 

inventory levels and who will be constantly ordering from the factory. The third 

differential equation in (3) describes the behavior of manufacturers who are in di-

rect contact with the retailers and distributors and the manufacturers produce the 

products with safety factors. In this equation, 𝑎 and 𝑏 are the satisfaction con-

stants of the retailer and distributor of the manufacturer’s products, respectively. 

System (1) exhibits chaotic behavior with parameter a = 7.5; b = 3.8 and the initial 

conditions are y1(0) = 1, y2(0) = 1, y3(0) = 1. 

Applying the results reported in [27], we obtain the following codim 1 bifurca-

tion. 

Proposition 2.1. Let b > 0 fixed. Then system (1) displays a Hopf bifurcation at 

the equilibrium point O (0, 0, 0) when the parameter a pass through the critical 

value a0 = −b. 

In fact, the line a + b = 0, b > 0 is a Hopf curve of system (1) at O. 

Proposition 2.2. Let b > 0 fixed. Then system (1) displays a Hopf bifurcation at 

the equilibrium point E (a, 0, 0) when the parameter a pass through the critical 

value a0 = b. 

In fact, the line a − b = 0, b > 0 is a Hopf curve of system (1) at E. 

Proposition 2.3. Let b > 0 fixed. Then system (1) displays a transcritical bifurca-

tion when the parameter a pass through the critical value a0 = 0. 

In fact, the line a = 0, b > 0 is a transcritical bifurcation curve of system (1). 

In addition, system (1) experiences a codim 2 bifurcation. 

Proposition 2.4. System (1) displays a double-zero bifurcation when (a, b) 

passes through (0, 0). 

 

3.3 Dynamical Analysis  

The dynamic traits of nonlinear systems demonstrate significant fluctuations 

based on the values assigned to their parameters. Transitioning from one behavior 

to another, termed bifurcation, may take place upon reaching specific parameter 

ranges. This study will delve into the complexity responses of the recently intro-

duced system (1) through numerical computations, with variations in the param-

eters  
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a and b. In particular, we will analyze how the occurrence of local maxima in the 

signal x, denoted as  

xmax, evolves concerning the variations in the parameters a and b. These local max-

ima represent the highest points reached by the signal x over time for each specific 

value of a and b, offering insights into the system's dynamic behavior as the pa-

rameters are varied. 

The Lyapunov exponent of a dynamical system is a measurable quantity that 

characterizes the rate of separation of infinitesimally close trajectories of the dy-

namical system in the phase space. A 3-D dynamical system has three Lyapunov 

exponents which can be arranged in non-increasing order as follows: 𝐿𝐸1 ≥ 𝐿𝐸2 ≥

𝐿𝐸3. The 3-D dynamical system can be classified based on the following cases for 

the Lyapunov exponents: 

(a) Stable equilibrium point if all the Lyapunov exponents are negative. 

(b) Limit cycle if 𝐿𝐸1 = 0 and 𝐿2, 𝐿3 are negative. 

(c) A chaotic attractor if 𝐿𝐸1 > 0, 𝐿𝐸2 = 0 and 𝐿𝐸3 < 0.  

In case (c), when a chaotic attractor exists for the 3-D dynamical system, the 

Kaplan-Yorke dimension of the system can be defined as 

                       1 2

3

2 .
| |

K

LE LE
D

LE

+
= +             (2) 

3.4 Parameter a varying 

By maintaining the values of b at 3.8, we can examine the impact of adjusting 

parameter a within the range of 4 to 7.5 on system (1). Figure 1 illustrates the Lya-

punov exponent spectrum and the associated bifurcation diagram of system (1), 

revealing that the system exhibits both periodic and chaotic behavior as a increases 

within the [4, 7.5] range. 

When the parameter a assumes values within the intervals ([4, 6.86], [7.04, 7.11], 

and 6.92), the dynamics of system (1) exhibit periodic behavior, as illustrated in 

Figure 2(a). This is corroborated by the presence of one zero Lyapunov exponent 

(𝐿𝐸) and two negative LEs. Specifically, these Lyapunov exponent values are as 

follows: 𝐿𝐸1 = 0, 𝐿𝐸1 = −0.110, and 𝐿𝐸3 = −0.891 (for a = 6). 

For values of parameter a within the intervals ([6.86, 7.04], [7.11, 7.5]), the system 

(1) exhibits chaotic behavior, as depicted in Figure 2(b), accompanied by one pos-

itive Lyapunov exponent (𝐿𝐸). Specifically, the associated Lyapunov exponent val-

ues are found as follows: 𝐿𝐸1 = 0.149 , 𝐿𝐸2 = 0, and 𝐿𝐸3 = −1.151  (for a = 7.2), 

and the system's Kaplan-Yorke dimension assumes a non-integer value of 𝐷𝐾 =

2.1295. 

Furthermore, the bifurcation diagram illustrated in Figure 1 indicates that the 

system (1) undergoes the well-known period-doubling route to chaos. 
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(a)                               (b) 

 

Fig 1: (a) Bifurcation diagram and (b) Lyapunov exponents spectrum  

of the system (1) when: b=3.8, and  7.5a 4, . 

 

 

    (a) a = 6   (b) a = 7.2 

Fig. 2. Phase plots of system (1) for specific values of the control parameter a 

 

Period-doubling is a phenomenon in nonlinear dynamic systems where the pe-

riod (the time it takes for the system to repeat its behavior) doubles as a control 

parameter is varied [28]-[29]. This phenomenon is often observed in chaotic sys-

tems and is a type of bifurcation, which represents a qualitative change in the sys-

tem's behavior as a parameter is adjusted. The presented bifurcation diagram in 

Figure 1 showcases that the system undergoes successive period-doubling phe-

nomena as the parameter 𝑎 increases. This leads to the familiar period-doubling 

route to chaos (period-1 → period-2 → period-4 → period-8 → chaos) within spe-

cific ranges of the parameter a. 

For values of 𝑎 ranging from 4 to 4.27, the system manifests a period-1 attrac-

tor. In the interval between 4.27 and 6.73, a period-2 attractor emerges. Within the 
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range of 6.73 to 6.83, the system (1) displays a period-4 attractor. Moving further 

to the interval of 6.83 to 6.86, a period-8 attractor is observed. When 𝑎 falls within 

the range of 6.86 to 7.04, the system exhibits a chaotic attractor, marking the end 

of the period-doubling cascade. 

Table 1 encapsulates a summary of the diverse attractors observed in numerical 

simulations, showcasing the period-doubling route to chaos discussed earlier. Fur-

thermore, Figure 3 offers a visual representation of these attractors. 

 

Table 1. Period-doubling route to chaos with parameter a varying 

 

Parameter a 

range 

Parameter a 

value 

Dynamics Attractor 

[4, 4.27] 4 Period-1 Fig. 3(a) 

[4.27, 6.73] 6.6 Period-2 Fig. 3(b) 

[6.73, 6.83] 6.8 Period-4 Fig. 3(c) 

[6.83 6.86] 6.85 Period-8 Fig. 3(d) 

[6.86, 7.04] 6.9 Chaos Fig. 3(e) 

 

 

(a)                               (b) 

 

      (c) (d) 
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   (e) 

Fig 3: (a): Period-1 for a = 4, (b): Period-2 for a = 6.6, (c): Period-4 for a = 6.8,  

(d): Period-8 for a = 6.85, (e): chaos for a = 6.9. 

3.5 Parameter b varying 

In order to investigate the impact of changes in 𝑏 on system (1), 𝑎 is maintained 

at a constant value of 7.5, while 𝑏 is systematically adjusted from 3.8 to 5. The 

Lyapunov exponent spectrum and the bifurcation diagram of system (1) are de-

picted in Fig. 4. These visuals suggest that as 𝑏 increases within this range, the 

system (1) can demonstrate both periodic and chaotic behavior. 

System (1) exhibits chaotic behavior, as shown in Figure 5(a), with a single pos-

itive Lyapunov exponent when 𝑏 falls within the intervals of [3.8, 3.805], [3.810, 

3.950], [3.960, 3.995], and [4.025, 4.11]. The Lyapunov exponents for the system are 

LE1 = 0.152, LE2 = 0, and LE3 = -1.154 when b = 3.90. Furthermore, the system's 

Kaplan-Yorke dimension is 𝐷𝐾 =2.1317, indicating a fractional value. 

When 𝑏 is in the intervals [3.805, 3.810], [3.950, 3.960], [3.995, 4.025], and [4.11, 

5], system (1) displays periodic behavior, as illustrated in Figure 5(b). This is 

marked by one Lyapunov exponent being zero, and the other two being negative. 

Specifically, for b = 4.6, the associated Lyapunov exponent values are: 𝐿𝐸1 = 0, 

𝐿𝐸2 = −0.110, and 𝐿𝐸3 = −0.893. 

Additionally, the bifurcation diagram presented in Fig. 4 indicates that system 

(1) undergoes the familiar reverse period-doubling route. 

 

(a)                              (b) 

Fig 4: Bifurcation diagram (a) and Lyapunov exponents spectrum  
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(b) of the supply chain system (1) when: a=2.3, c=0.05, and  53.8,b . 

 

   (a) b = 3.9  (b) b = 4.6 

Fig. 5. Phase plots of system (1) for specifics values of the control parameter b 

 

The reverse period-doubling route refers to a phenomenon in nonlinear dy-

namics where a dynamic system undergoes a sequence of bifurcations that lead to 

the reduction of the period of oscillations rather than an increase [30]. In a standard 

period-doubling bifurcation, the period of oscillations doubles as a control param-

eter is varied, leading to a sequence like 1, 2, 4, 8, etc. In the reverse period-dou-

bling route, the system experiences bifurcations that result in halving the period 

of oscillations.  

The diagram in Fig. 4 depicts that the system undergoes a sequence of reverse 

period-doubling bifurcations with increasing values of the parameter 𝑏. Conse-

quently, within specific intervals of 𝑏, the noteworthy phenomenon of reverse pe-

riod-doubling unfolds. In this process, the system transitions from chaos to period-

16, period-8, period-4, period-2, and ultimately to period-1. 

The values assigned to the parameter 𝑏 exert a noteworthy influence on the 

system's behavior. For instance, when 𝑏 spans from 4.025 to 4.11, the system dis-

plays a chaotic attractor. At 𝑏 =4.1125, a period-16 attractor is observed. Similarly, 

a period-8 attractor occurs when 𝑏 lies within the range of 4.1125 and 4.125, a pe-

riod-4 attractor from 4.125 to 4.180, a period-2 attractor between 4.18 and 4.45, and 

a period-1 attractor from 4.45 to 5, marking the end of the reverse period-doubling 

route. 

Table 2 provides a detailed listing of the various attractors derived from nu-

merical simulations, illustrating the reverse period-doubling route discussed ear-

lier. Additionally, Fig. 6 offers a visual depiction of these attractors. 
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Table 2. Revers period-doubling route with parameter b varying 

 

Parameter b 

range 

Parameter b 

value 

Dynamics Attractor 

[4.025, 4.11] 4.10 Chaos  Fig. 6(a) 

[4.110, 4.1125] 4.1125 Period-16 Fig. 6(b) 

[4.1125, 4.125] 4.12 Period-8 Fig. 6(c) 

[4.125, 4.180] 4.15 Period-4 Fig. 6(d) 

[4.18, 4.45] 4.25 Period-2 Fig. 6(e) 

[4.45, 5] 5 Period-1 Fig. 6(f) 

 

 

 

 

      (a) (b) 

 

      (c) (d) 
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      (e) (f) 

   

Fig 6: (a): Chaos for b = 4.10, (b): Period-16 for b = 4.1125, (c): Period-8 for b = 4.12,  

(d): Period-4 for b = 4.15, (e): Period-2 for b = 4.25, (f): Period-1 for b = 5. 

 

3.6 Complete Synchronization of Chaotic SCMM using Backstepping Control 

In control systems engineering, backstepping control is a recursive method us-

ing Lyapunov stability theory, and this method is very effective for controlling 

nonlinear dynamical systems in strict-feedback form such as the jerk systems and 

hyperjerk systems. Backstepping control method has many applications in areas 

such as robotics, power systems, flight control systems, mechanical oscillators, bi-

ological systems, and supply chain models [31]. 

In view of the special structure of the dynamics for the chaotic supply chain 

system (1), we use backstepping control method for the complete synchronization 

of a pair of chaotic supply chain models regarded as the leader and follower systems. 

The leader system is depicted by the chaotic supply chain system with the dy-

namics 

  
1 2

2 3

2

3 1 2 3 1

y y

y y

y ay by y y

 =


=


= − − −

           

     (3) 

It is noted that the leader system (3) has the same dynamics as the chaotic sup-

ply chain system (1). 

In the chaotic supply chain system (3), the system states 1,y 2 ,y and 3y repre-

sent the retailers, distributors and manufacturers, respectively.  

The follower system is depicted by the chaotic supply chain system with the 

dynamics 
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1 2

2 3

2

3 1 2 3 1

z z

z z

z az bz z z v

 =


=


= − − − +

          (4) 

In the chaotic supply chain system (4), the system states 1,z 2 ,z and 3z  repre-

sent the retailers, distributors, and manufacturers, respectively. Also, v  is an ac-

tive backstepping control which is to be designed using the recursive design pro-

cedure given in the backstepping control theory [31].  

The synchronization error between the chaotic supply chain systems (4) and (4) 

can be mathematically defined by means of the following equations: 

 ,   ( 1,2,3)j j jz y j = − =            (5) 

By performing a simple mathematical calculation, we derive the dynamics for the 

synchronization error as given below: 

 
1 2

2 3

2 2

3 1 2 3 1 1a b z y v

 

 

   

 =


=


= − − − + +

         (6) 

In this control section, we shall use Lyapunov stability theory [32] to prove the 

following main result for the complete synchronization between the chaotic sup-

ply chain systems (3) and (4). The chaotic supply chain systems (3) and (4) are said 

to be completely synchronized if the synchronization error between their respec-

tive states converges to zero asymptotically for all values of initial conditions of 

the chaotic supply chain systems (3) and (4), i.e. ( ) 0i t → as t → for all values of 

(0) ,i R  where 1,2,3.i =  

Theorem 1. The chaotic supply chain systems given by the equations (3) and (4) 

can be completely synchronized for all initial states 3(0), (0)y z R by means of im-

plementing the backstepping control law given by 

 2 2

1 2 3 1 1 3(3 ) (5 ) 2v a b z y L   = − + − − − + − −        (7) 

where the feedback gain 0L  and 3 1 2 32 2 .   = + +  

Proof.  We establish the result claimed in Theorem 1 using the backstepping 

control theory [31] and the Lyapunov stability theory [32].  

We start the proof by considering the Lyapunov function 1 1( )W  defined by 
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 2

1 1 1

1
( )

2
W  =               (8) 

where 1 1. =   

Then it follows immediately that 

 2

1 1 1 1 1 2 1 1 2

1
( )

2
W       = = = − +          (9) 

where 2 1 2.  = +  

Next, we define the Lyapunov function 

 2 2 2

2 1 2 1 1 2 1 2

1 1 1
( , ) ( )

2 2 2
W W     = + = +         (10) 

A simple mathematical calculation yield 

 2 2

2 1 2 1 2 2 3

1 1
( , )

2 2
W      = − − +          (11) 

where 3 1 2 3.   = + +  

Finally, we consider the Lyapunov function 

2 2 2 2

1 2 3 2 1 2 3 3 1 2 3

1 1 1 1
( , , ) ( , , )

2 2 2 2
W W         = + = + +         (12) 

Clearly, W is a quadratic and positive definite function defined on 3.R  Moreo-

ver, 

 2 2 2

2 3 3 1 2 3 3 ,W W Z     = + = − − − +         (13) 

where,  

   2 2

2 3 3 1 2 3 1 1(3 ) (5 ) 2Z a b z y v     = + + = + + − + − + +         (14) 

Substituting the definition for v  from Eq. (7) into Eq. (14), we get 3.Z L= −  

Then Eq. (13) can be simplified as follows: 

 2 2 2

1 2 3(1 )W L  = − − − +               (15) 

which is negative definite everywhere on 3.R  

Using Lyapunov stability theory [32], we conclude that the synchronization er-

ror dynamics (6) is globally asymptotically stable for all initial values of the syn-

chronization error.  

This completes the proof. ◼ 
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We present MATLAB simulations for the synchronization result in Theorem 1. 

We choose the parameters of the chaotic supply chain systems (3) and (4) as a = 7.5, 

and b = 3.8. We let 12.L =  We choose the initial state of the chaotic supply chain 

system (3) as 𝑦(0) = (1.6, 4.5, 2.1), and the initial state of the chaotic supply chain 

system (4) as 𝑧(0) = (5.1, 2.3, 0.6).  

Figure 1 shows the asymptotic convergence of the synchronization errors 

1 2 3( ( ), ( ), ( ))t t t   between the chaotic supply chain systems (3) and (4). 

 

Figure 7. Time-history of the synchronization error between the supply chain 

systems (3) and (4)  

with 𝑦(0) = (1.6, 4.5, 2.1) and 𝑧(0) = (5.1, 2.3, 0.6). 

 

3.7 Conclusion 

In conclusion, this study has delved into the intricate dynamics and complexity 

within the supply chain mathematical model (SCMM) developed by Hamidzadeh 

et al. (2023) through the lens of bifurcation analysis. Bifurcation points, serving as 

critical thresholds in chaotic systems, have been examined to understand the qual-

itative shifts in behavior, particularly within the context of supply chains. The pri-

mary objective of this investigation was to scrutinize the stability of the SCMM. 

Our analysis revealed significant bifurcation phenomena, including Hopf bifurca-

tion, transcritical bifurcation, and double-zero bifurcation. These findings contrib-

ute to a deeper understanding of the structural changes that can occur within the 
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SCMM, potentially signifying shifts in demand patterns, material flow disruptions, 

or alterations in market conditions.  

Furthermore, the exploration extended to the dynamical characteristics of the 

SCMM, utilizing bifurcation diagrams and Lyapunov exponents. The outcomes 

unveiled a diverse range of behaviors, including periodic, chaotic, and reverse pe-

riod-doubling, underscoring the complexity inherent in supply chain dynamics. 

To manage the chaotic nature of the SCMM, backstepping controllers were em-

ployed, demonstrating their effectiveness in achieving synchronization between 

two SCMMs. This strategic application of control methodologies opens avenues 

for enhancing the stability and coordination of supply chain systems. Numerical 

simulations were conducted to provide empirical evidence of the practical applica-

bility and effectiveness of the proposed methodologies. The results validate the 

robustness of the backstepping controllers in taming chaotic SCMM behavior, of-

fering a promising approach for real-world implementation. In essence, this study 

contributes valuable insights into the dynamics of supply chain systems, empha-

sizing the significance of bifurcation analysis and control strategies. The method-

ologies explored herein not only enhance our theoretical understanding but also 

offer practical solutions for managing the complexities of SCMM in dynamic and 

unpredictable environments. 
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